MATH20132 Calculus of Several Variable. 2020-21
Solutions to Problems 10 Differential forms
1. Given these 1-forms w evaluate w,(t) at the given a and t.

i w=(22+y)dr+aydyata=(1,—-1)" and t = (2,-1)".

ii. w = 3dr + 4dy at

a. a=(1,—1)" and t = (2,-1)",
b. a=(2,3)" and t = (2,—1)"

Solution i. w, = 2dz(a) —dy(a) = 2p' —p* so wa(t) = 2p*(t) —p*(t) = 5.
ii. a. With a = (1,—1)" we have w, = 3dz(a) + 4dy(a) = 3p' + 4p* so
wa(t) = 3p'(t) +4p*(t) = 2.

b. With a = (2,3)" we still have w, = 3dz(a) + 4dy(a) = 3p' + 4p%. So
again w,(t) = 2.

The point of part ii is that if the coefficients of the dz® are constant, then w,
does not depend on a.

2. i. Find the differential of each of the following functions as 1-forms, w :
R™ — Hom (R™,R), with the appropriate n.

a.  f(x)=uwzsin(2%y) +y for x € R?
g(x) = 2 — 32%y® + y2? for x € R3
ii. a. InPartia calculate wy(t) with a = (2,—3)" and t = (5, —2)" .
b. InPartib calculate w,(t) witha = (2, —3,1)" and t = (5, —2,4)" .

Solution i.a.

a‘ggvx) = sin (:Egy) + 227y cos (:EQy) and 8];(;() = 23 cos (xzy) + 1.
Thus
_ 0f(x) 0f(x)
df = o dx + ay dy

= (Sin (:v2y) + 222y cos (ny)) dr + (:U3 cos (xzy) + 1) dy.
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dg(x)
ox

= 4a® — 6xy?, 898_(x) = —62%y +2* and
Yy

dg(x)
0z

= 2yz.

Thus
dg = (42® — 62y?) dv + (—62%y + 2*) dy + 2yzdz.
ii. a. With a = (2,-3)"
dfa = (sin (—12) — 24 cos (—12)) p* + (8 cos (—12) + 1) p*.

Then with t = (5, —2)"

dfalt) = (sin(=12) = 24608(—12))191(( 52)> + (8cos (—12) + 1)p2(< ° ))

- —2

= 5(—sin(12) — 24 cos(12)) —2(8cos (12) + 1)

= —5sin(12) — 136 cos (12) — 2.

b. With a = (2,-3,1)",
dga = —T6p" + 73p* — 6p°.
Then with t = (5, —2,4)" , we find dga(t) = —550.

3. In each of the following parts can you find a function f : R?> — R such
that

1. df = (22 + y?) dx + 2zydy,
. df =1 +e*)dy+e* (y— x)dr,
ii. df =e¥dr+x(e¥ +1)dy.

Give your reasons and, if the function exists, write it out.

Idea Recall that if f is Fréchet differentiable then

_of of
df = 8xdx+ aydy—l—...



Given a form g = g*dx + ¢?dy + ... assume there exists f : df = ¢g. This
means Jf /0x = g'.

Integrate w.r.t z so f = [¢g+ C where C' depends on all variables other
than x.

Differentiate w.r.t. y when we must have 9 (¢ + C) /0y = ¢*.

Integrate w.r.t. y and continue, next differentiating w.r.t the third vari-
able. FEither this process will work and you construct f, or you obtain a
contradiction and conclude that no such f exists.

Solution i. If f exists then

0 2, .2
pe (x)=2"+y

and so, on integrating

£ = 327 + 4P + (). (1)

for some function (b(y) Diﬂerentiating this w.r.t. y gives
7(x x + .

This must equal the coefficient of dy in the given form, i.e.

2yx + ¢'(y) = 2xy.
This can happen by choosing ¢'(y) = 0 so ¢(y) = C for any constant C.
Substituted back into (1) shows that

1
f(x) = §x3 +y*z +C

is a function satisfying df = (22 + y?) dx + 2zydy.

ii. If f exists then (be careful, dy and dx have been swapped!)

a% (x) =e"(y—x) so [f(x)=ye" —we" +e" +¢(y), (2)

for some function ¢(y). (Integration by parts may have to have been used

here.) But then

0 .
gy /X =+ W)



which equals 1 + €, the coefficient of dy, if we choose ¢'(y) = 1. That is,
#(y) = y + Cfor any constant C. Substituted back into (2) and we have
shown that

fx)=e"(y—a+1)+y+C

is a function satisfying df = (1 + €*) dy + e¢* (y — x) dx.
iii. If f exists then

% (x)=¢€" so f(x)==xze’+ o(y),

for some function ¢(y). But then

? o
gy ) = v W)

which can only equal z (e¥ + 1), the coefficient of dy, if = ¢'(y), impossible,
hence f does not exist.

4. In the lectures we showed that if a 1-form w is exact, v.e. Af : df = w,
then it is closed, i.e. Ow;/dx? = dw;/dx" for all pairs (i, 7). I stated that the
converse is not true, i.e. not all closed forms are exact. In brief

exact = closed
closed =& exact.

In each of the following, determine whether the 1-form w is closed, and if
closed, exact. If exact, find all functions f such that df = w :

i. w=ydr:R? — Hom(R? R);
ii. w=xydr+ (2?/2)dy : R? - Hom(R? R);
iii. w = 2xydr + (2* + 4yz) dy + 2y*dz : R* — Hom(R?, R);

iv. w=xzdr+zzdy+ zydz : R® - Hom(R3, R).



Solution i. Since w is a form on R? write it as w = ydx + Ody. Then,

because
8w1_@_1 80_8w2

ar2 9y 7 Or  dab

the form is not closed and so it is not exact.

ii. The form is closed since

Qwi _0(my) _ 102" _ 0wy
oz Oy 20z  Oxl’

If w is exact, so w = df for some differentiable f, then

2
= %dw + %dy in which case % =2y and % = % (3)

Integrate the first of these to get

1
f= §x2y +9(y),

for some function g. Differentiating this expression for f w.r.t. y gives

of x* dg of 2?
— = — 4 —; t, f 3), =—=—.

So we must have dg/dy = 0, i.e. g = ¢, a constant, in which case f =
1%y/2 + c. The existence of f implies that w is exact.

iii. The form is closed since all the following hold:

8w1 0 0 2 an
L Copy =22 = — dyz) = =22
ox?2 Oy e Ox (2% + dy2) oxt’
80)1 o 0 B . 0 2 8w3
o0~ 0.0 T e T e
8&)2 0 2 0 2 8W3
— = — dyz) =4y = —2uy°=—.
ox3 0z (2 + 4y2) Y dy V'~ o
Note how many conditions we need to check.
If w = df for some f then we must have
of af _ 5 af 2
— =2 - = 4 d — =2y~ 4
5 xy, 3y x° +4yz an 5 Y (4)



Integrate the first to get f = 2%y + g(y, z) for some function g. Differen-
tiating this w.r.t. y gives

=z —1—8—; yet, from (4), a—f:x2+4yz.
y dy

Hence we must have

0
8_9 = 4yz, which integrates to g = 2y*z + h (),
Y
for some function h. Combining the last two steps gives f = z2y+2y*z+h (2).
Differentiating this w.r.t. z gives

of _of _

—: yet, f 4 = L =22
+o- yet, from (4), =% =27 =2y

Therefore, we must have

dh
= =0, so h=cand hence f = 2%y + 2y%2 +c,
z

for some constant c¢. The existence of f implies that w is exact.

iv. The form is not closed. Remember, for a form to be closed dw;/dz7 =
Ow;/0z" has to be true for all pairs of (4,7). To not be closed it suffices to
find one pair for which we do not have equality. In this case,

Oow; Oz d(xz)  Ows

o oy V7T Tor T ot

Note In the examples here where the form was closed it was also exact. A
form that is closed but not exact has to be more complicated than those seen
here. See Question 8.

5. Let w: U C R — Hom(R,R) be a 1-form on R. This means there exists
f : U — R such that w = fdx. Let 4 be the closed interval [a,b] C R
directed from a to b. Prove that

[yw = /ab f(z)d.



This is saying that for 1-forms on R the integral along a line given in the
lectures reduces to the previous definition of integration known from School
days.

Hint What parametrisation ¢ : [a, b] — = should be chosen?

Solution Since v = [a, b] the simplest choice of parametrisation is g : [a, b] —
[a, b] the identity map, g (z) = x for all a <z < b. Then, by definition,

Lw :/abwg(x)(g’(:c))dx.

Yet w =f dx so, by the definition of a 1-form,

wo@) = f(9(x)) dz (9(x)) = f(x)p".

Also ¢’ (x) =1 for all z, and so
Wo() (9' () = f(2)p' (1) = f(2).

[/ w = / /() e = / (e do.

(This result is normally written as [ fdz = fab f(x)dx, the left hand side

being an integral of the 1-form fdx, the right hand side the integral of a
scalar-valued function of one variable.)

Hence

as required.



6. Integrate the following 1-forms on the curves given.

i. w= (rz+y)dx+22dy+xydz over the curve v parametrised by g(t) =
2,1+, 0<t<2,

. w=yzdr —xdy — (y — z) dz over the curve v parametrised by g(t) =
2 t—1,t+1)",0<t<1.

Solution i. At the point g(t) on the curve, the 1-form becomes the linear

function

wewy = (L1 +1) +%) pt+ (1 +1)°p? + 3>,

Evaluated at the tangent vector g'(t) we get
wen (g (1) = wg(t)((L o, 1)T> — (1) +2) +2(1+1)>+ 1
= 3t+6t°+3t°.

Hence, by definition,

2
/w_/wgt) ) dt = /(3t+6t2+3t3)dt:34.

We(t) = (t — 1) (t + 1)p1 — t2p2 + 2])3.

i.
Then
wew(g'(t) = wgp ((21&, 1, 1)T> =2t(t—1)(t+1) —t*+2

= 23— 2 -2t +2.

1 1
/w:/ wg(t)(g'(t))dt:/ (26* — ¢ — 2t + 2) dt = ©
¥ 0 0 6

7. Integrate the 1-form w = ydx + rydy on R? around the closed curve ~ :
2% +y? = R?, for a fixed R, in a counter-clockwise direction.

Hence

Hint Parametrise the curve by
Rcost
g(t) = ( Rsint )
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for 0 < t < 2. For the final integration it may save time to recall that
fo% sin’tdt = .

Solution At the point g (¢) on the curve, the 1-form becomes the linear
function
wg(y) = (Rsint) pt+ (R2 cost sin t) P2

Next,

g (t) = ( _gs:sli ) S0 wg(g'(t)) = —R*sin’*t + R’sint cos®t.

2 2T
/ w = / we(g'(t)) dt = / (—R*sin®t + R*sintcos®t) dt
Y 0 0

2T
= —R2/ sin? tdt + {—R
0

3,727
5 COS t}

3 1o

= —71R%

8. i. Prove that the 1-form

w:x2+y2dm+x2+y2

dy : R*\ {0} — Hom(R? R)

is a closed form.
ii. Let v be the unit circle centre 0 in R?. Evaluate [ w.

iii. Deduce that w is not exact.

This is an illustration of the result

closed =& exact.

Solution i. The form is closed because

Qw0 ( —y \_ Y- 0/ =x  Bw,
x2 Oy \2*+y2) (2 +y2)? Ox \22+y?) Ozl
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ii. Parametrise v by
cost
s0)= (St )

for 0 <t < 2w. Then

wg(p) = — (sint)p' + (cost) p,
and
, ) 1 —sint o —sint
wer)(g'(t)) = —(sint)p ( cost ) + (cost)p ( cost )
= sin®t 4 cos’t = 1.
Hence

2T 2T
/ w = / Wy (g(1)) di = / dt = 2.
¥ 0 0

iii. Recall a Corollary from the notes: If w : U — Hom (R™,R) is an exact
1-form on an open set U C R™ and =y is a closed differentiable curve in U
then f7 w = 0. The contrapositive of this is if f7 w # 0 then w is not exact.

In light of Part ii this can be applied to the w of this question, concluding

that it is not exact.

(It can be shown that w restricted to R? \ {(x, 0z < 0}, i.e. the plane

with the non-positive z-axis removed, is exact.)

9. i. Integrate the 1-form w = (z — 2) dz + xyzdy + (2 — y) dz along a closed
path I' = v, U~y U3 U7, of four parts, each parametrised by:

e gi(s) = (s,0,s)" for s from 0 to 1;

o gy(t) = (14t,t,1)" for t from 0 to 2;

o g3(s) = (s+2,2s,5)" for s from 1 to 0 (note the direction of s);
e g,(t) = (t,0,0)" for t from 2 to 0.
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ii. Prove that the form w is not exact.
Solution e With g;(s) = (s,0,s)", we have g/ (s) = (1,0,1)" and

we,(5)(&1(5)) = sp” (81(s)) = 5.

1 1 1
/ w = / We,(5)(81(s)) ds = / sds = 5
71 0 0

o With go(t) = (1+¢,¢,1)", we have gj(t) = (1,1,0)" and
we,v(82(t) = (tp' +t(t+1)p"+ (1—1)p°) (g3(t))

= t+t(t+1)=1t+2t

2
/w:/ (t2+2t)dt:@.
72 0 3

o With gs(s) = (s +2,2s,5)", we have gj(s) = (1,2,1)" and

Then

we, ) (85(t) = (2101 +2(s+2) s%p* — 5p3) (g5(s))
= 2+4(s+2)s*—s
= 48° + 852 — 5+ 2.

Then, (noting in which direction s is travelling),
PP 31
w = (45 + 8s —S+2)ds:——.
73 1 6

e With g,(t) = (£,0,0)”, we have g/(t) = (1,0,0)" and

wg, (g4 (1)) = tp' (g4(s)) =1t.

Then, (noting in which direction ¢ is travelling)

0
/w:/ tdt = —2.
Ya 2
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Combining the results above

1 20 31
e Y
/F‘" 2737

ii. If f satisfies df = w = (v — 2) de 4+ zyzdy+ (2 — y) dz then f must satisfy
all of
of of of

3g 2T F ay:xy and 5, =Y (5)

Integrate the first of these to get f(x) = 2?/2 — xz + g1(y, z) for any
function g;. Differentiate w.r.t. y when we get

of _ %(y 2)
Oy oy
Yet, when combined with (5), this gives

%(y z) = xy.
oy 7’

This is impossible since there is no dependency on x in the left hand side
Hence there is no f : df = w, thus w is not exact.

Note the point of this question is to show that

w exact — /w = 0V closed ~,
¥

Elclosed'y:/w:() =~  w exact,
2l

10. Evaluate the 2-form

(®yzdx ANdy + (x — z) da A dz + yzdy A dz)a (v1,V2)

where a = (1,-1,2)" and v; = (1,2,3)", vo = (4, —5,3)" .
Solution

(mzyzdx ANdy + (x — z)dx ANdz + yzdy A dz)a1 = —2p' A2 —p' Ap? —2p* A PP
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In turn,

1 4

Pt ApE(vi, vo) = det ( 9 _s ) = —13,
1 4

PP APA(vi, vo) = det ( 3 3 ) = -9,

2 =5
PP AP (vi, vo) = det ( 3 3 ) = 21.
Hence

(2Pyzde Ndy + (x — 2) de Ndz + yzdy Ndz) (vi,ve) = —2(=13) = (—9) —2(21)
= 7.

11. Integrate the 2-form B = yzdx Ady +dx ANdz — (zy + 1) dy A dz over the
surface

s+t
R = st 0<s<1,0<t <2
S
Solution Let
s+t
glt)=1 st |,

for t = (s,t)T satisfying 0 < s < 1,0 <t < 2. Then
B = (s°t) p' Ap> +p' Ap® — (st (s + 1) + 1) p* Ap.

This linear function is applied to (dg(t) , d2g(t)) where

1
dig(t)=| ¢ and dog(t) = | s
1 0
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Then, writing d; and dj for dyg(t), dag(t) respectively,

p AP (di,dy) = det(i i):s—t,
p AP (di,dy) = det(} é)Z—L

p? /\p3(d1,d2) = det ( i S ) = —3.
Thus
Bgw (dig(t) , dag(t)) = s°t(s—t)—1+s(st(s+1t)+1)
= 25t —1+s.

Therefore the required integral is

/726:/01/02(233t—1+s)dtd320.

12 Integrate the 2-form 3 = (y — 1) dz Ady over the region D (R) : 2%+ <
R? for fixed R.

Hint Parametrise the region by
r cos 6
g(t) = ( rsin 6 > ’
where t = (r,0) with 0 <7 < Rand 0 <60 < 27.
Solution With the parametrisation given
Bgt) = (rsind — 1)p' A P2

This linear function is applied to (d;g(t) , dsg(t)) where

cos —rsind
dig(t) = ( sin 0 ) and  dog(t) = ( rcos 0 > '
Then
cos —rsin0>
=r.

sinf rcos@

pt A p*(dig(t) , dog(t)) = det (
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The integral is

R 2m R
/ B = / r/ (rsinf — 1) dodr = —27?/ rdr = —mR*.
D(R) 0 0 0

13. Let o, 3 and ~ be 1-forms given as
a=xdr+yzdy+ xryzdz,
B =y*dr+zdy — 3(x — 1) dz and
~y=zdr ANdy —ydx Ndz+ xdy N dz.
Findaha, a AP and a A 7.

Solution

aNa = (vdr+yzdy+xyzdz) A (zde + yzdy + zvyzdz)
= 2%dx Adx + xyzde A dy + v*yzde A dz
+yzady A dx + y222dy A dy + xy?22dy A dz
+atyzdz Adx + xy?2Pdz A dy + 22y 22dz A dz
= wyzdx A dy + 2°yzdr A dz
+yzady A dr + +xy?22dy A dz
+a?yzdz A dx + vy*22dz A dy

since dr Adx = dy ANdy dz N dz = 0.
Next dy A de = —dxz N dy, dz N\ dx = dz N\ dz and dz N\ dy = —dy N dz so

alNa = zyzdr Ady+ 2*yzde A dz — yzaedr A dz
+ay?22dy A dz — 2?yzde A dz — oy 2Pdy A dz
= 0.

In fact a Ao =0 for any 1-forms a. Can you prove this?
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Similarly,

aNB = (vdr+yzdy+azyzdz) A (v’ de + zdy — 3(z — 1) dz)
= zzdr ANdy — 3z (x — 1) dx Adz + y32dy A dx
—3yz(x — 1) dy Adz + xy’zdz A de + xyz*dz A dy
= zzdx ANdy — 3z (x — 1) dx Adz — y’zdx A dy
—3yz(x — 1) dy ANdz — xy2de A dz — zyz*dy A dz
= (zz—y’2)de ANdy— Bz (z — 1) + zy’2) de N dz
— (3yz (z = 1) + ayz?) dy A dz.
Finally, since any wedge product with repeated forms is zero, e.g. dx A
dy N\ dy = 0, we have
alNy = (zdr+yzdy+zyzdz) A (zde Ndy —ydx ANdz + xdy A dz)
= 22dx A dy ANdz —yPzdy Adx Adz+ xy2® dz Adx A dy
= 22de A dy Ndz+yPzde ANdy A dz + xy2t de A dy A dz
= (:c2 +y’z + xyz2) de Ndy N dz

We have made use of the identities dy A dx A dz = —dx A dy N dz and
dz Ndx Ndy = —dxz Ndz Ndy = dx N dy N dz.

14 Find the derivatives of

i. ydx 4+ zydy (seen in Question 7),
. (x —2)de+ayzdy + (2 —y)dz (seen in Question 9),
Have you seen your answers in other questions on this sheet. If so, what

conclusions can you draw?

Hint Think about Stokes’” Theorem, surfaces and boundaries.

Solution i. The derivative is (y — 1) dz A dy, a form seen in Question 12,

ii. The derivative is yzdx A dy + dx A dz — (zy + 1) dy A dz, a form seen in
Question 11.

If you look carefully at these pairs of questions 7 & 12, 9 & 11, you see
the first question is a line integral over a closed curve, and the second an
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integral over the region within the curve. In all cases the answers are the
same; they are all examples of Stokes” Theorem.

With v : 2% +y* = R?, for a fixed R, and D (R) : 2% + y* < R? we have
/ ydr + zydy = / ydz + xydy since 0D =~
oD ~y
= —7R? Question 7

= / (y —1)dz N dy Question 12
D

= / d (ydx + zydy) ,
D

since d (ydx + xydy) = (y — 1) dx A dy. This final result,

/ ydr + rydy = / d (ydz + zydy)
D D(R)
is an illustration of Stoke’s Theorem.

Again, the path I' of Question 9 is the boundary of the region R from
Question 11, i.e. 9R =I'. So the same argument again gives

/8R (x — 2) de+xyzdy+(z —y)dz =0 = /Rd (((z = 2)dz + zyzdy + (z — y) dz)) .

Yet another illustration of Stoke’s Theorem.

(Note, you may have found the integral over the arc is —1 times the integral
over the curve. This is simply due to the order of dy g and dog when evaluating
the 2-form. There is a way of making this choice consistently but it depends
on the ‘orientation’ of the surface, a subject I have not covered.)
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15 For the forms in Question 13, find da, dB3 and d~.

Solution

dao = dx ANdx+ (zdy + ydz) ANdy + (yzdx + xzdy + xydz) N dz
= ydz Ndy +yzde Ndz + zzdy N\ dz
= yzdr Ndz + (xz —y)dy N dz.

dB = 2ydyNdx+dzANdy —3dz Ndz=—2ydx Ndy — 3dx Ndz — dy A\ dz.

dy = dzNdexNdy—dyANdx Ndz+dx Ndy Ndz = 3dx N\dy N dz.
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Solutions to Additional Questions

16. Integrate the 1-form w = yxdy along the boundary of the ellipse

-1 w2
4 9 ’
in the counter-clockwise direction.

Hint to parametrise this curve use the fact that cos?t 4 sin?¢ = 1. For the
final integration it may save time to note that fo% cos? tdt = .

Solution Set . +o
x _—
7 = cost and yT =sint,

so the parametrisation is

1+ 2cost
g(t) = ( ~2+ 3sint ) !

for 0 <t < 27. Then

wg(ry = (—2+ 3sint) (1 + 2cost) p*.

This linear function is applied to
—2sint
/ —
g(t) = ( 3cost ) ’
when we get

wew(g'(t)) = (—2+3sint) (14 2cost) (3cost)
= —6cost — 12cos®t + 9sintcost + 18sint cos? t.

Finally, the required integral is

2m 2w
/ we(g'(t))dt = / (—6cost — 12 cos” t 4+ 9sint cost + 18sint cos® t) dt
0 0

2

9 2
= {6 sint 4 3 sin’t — 9 cos® t} — 12/ cos® tdt = —12m,
0

0

on using the hint.
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17. Integrate the 1-form w = (z +y + 2) dv + y?dy + wydz along ~, the
boundary of the unit circle in the x - y plane, centre the origin, in the counter-
clockwise direction.

Hint Even though the circle lies in the x -y plane the 1-form is defined on
R3 and so you have to parametrise the circle in R3.

Solution Parametrise the circle with

cost
g(t) = | sint

for 0 <t < 2w. Then

wg(t) = (cost +sint) p' + (sint) p* + (costsint) p*.

This is applied to
g'(t) = cost ,
when we get

wgt)(8'(t)) = — (cost +sint)sint + sin?t cost.

Thus

27 2
/ wew(g'(t))dt = / (= (cost +sint)sint + sin*t cost) dt
0 0

24 ind ¢ 2m o
= {cos +sm ] — / sin? tdt
2 3 0 0

= —T.

[o=-n
~

Hence
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18. Integrate the 2-form B = —dz Ady+ (y — 1) dx Adz + xzdy A dz over H,
the upper half of the unit sphere, so 2% + y? + 22 = 1 with z > 0.

Hint Parametrise this surface by the spherical coordinates
sin ¢ cos 6
g(t)=| sin¢gsinf |,
cos @
where t = (¢, 60), with 0 < ¢ < 7/2 and 0 < 0 < 27.
Solution With the parametrisation given
Bg(t) = —p' Ap* + (singsinf — 1) p' A p® + (sin ¢ cos 0) p* A p*.

This linear function is applied to (d;g(t) , d2g(t)) where

cos ¢ cos 0 —sin ¢sin @
dig(t) = | cos¢sinb and dog(t) = sin ¢ cos 6
—sin ¢ 0

Then, writing d; for d;g(t) and dy for dag(t),

cos pcosf —sin ¢sin b

1, .2 _
p Ap(di,dy) = det cos ¢sinf  sin ¢ cos 6

) = cos ¢ sin ¢

o

1 3 _ a2 .
p Ap°(di,dy) = _sin ¢ 0 ) = —sin® ¢sin 6,

cos ¢sinf  sin ¢ cosf

— ain?
_sing 0 > = sin“ ¢ cos f.

et(cosgbcos@ —sin ¢ sin 6
P> Ap*(di,dy) = det(

Thus
Bet)(d1,d2) = —cos¢sing — (singsinf — 1) sin? ¢ sin @ + sin ¢ cos 6 sin® ¢ cos 0
— —cos ¢sin¢ — sin® ¢sin? § + sin® psin 6 + sin® ¢ cos® 6.
Then the integral is

w/2 27
/ / (— cos ¢ sin ¢ — sin® ¢ sin? @ + sin® ¢ sin 6 + sin® ¢ cos? 9) dbdo.
0 0
(6)
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The inner integral equals
27 2w 2w
— 27 cos ¢sin ¢ — sin® ¢ / sin” #d6 + sin® ¢ / sin 0df + sin® ¢ / cos® db
0 0 0

= —2mcos ¢sin ¢ — wsin® ¢ + wsin® ¢

= —27 cos ¢ sin ¢,

27 2 27
/ sin? df = / cos?@df = and / sin 8d6 = 0.
0 0 0

since

Then the double integral (6) is

/2
—27r/ cos ¢ sin pdp = —m [sim2 gb} 3/2 = —7.
0

/Hﬁ:—w.

19. Integrate the 2-form w = (z%y + y?2?) de Ady+y3zdx Adz +xy*zdy Adz
over the surface of the sphere % + % + 22 = a.

Thus

Solution We use the parametrization of the previous question, i.e.

a sin ¢ cos
asingsinf |,
a Ccos ¢

this time with —7/2 < ¢ < 7/2 and 0 < 0 < 27.

Use the results on p’ A p! from the last question we find that the integral
over (x%y + y?2%) dx A dy is one of

((asin ¢ cos 0)* (asin ¢ sin f) + (asin ¢sinh)® (asin ¢ sin 8)2) (a® cos ¢ sin @)
=a° (sin3 ¢ cos ¢psin O cos® 0 + sin® ¢ cos ¢ sin’ 9)

In both terms the integrals over ¢ will give zero.

The term y3zdx A dz becomes

(asin ¢sin6)® acos ¢ (—a2 sin? ¢ sin 9) = a®sin® ¢ cos ¢psin 6.
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Again the integral over ¢ will give zero.

Finally, the zy?zdy A dz term gives
asin ¢ cos 6 (a sin ¢ sin 9)2 a cos ¢ (a2 sin? ¢ cos 9)2 = a®sin” ¢ cos ¢ sin’ f cos® 6.

Yet again the integral over ¢ gives zero. Hence the complete integral over
the surface of the sphere is zero.

A quicker proof of this follows from the Divergence Theorem, see Ap-
pendix of Notes for it’s statement. Let S C R? be a three dimensional subset
with a boundary 95, a two dimensional surface. Let w = fldy Adz + f?dz A
dr + f3dx A dy be a two form (note the ordering of the terms). Then the
Divergence Theorem asserts that

/ w :/ (divf) dxedydz
a3 s

. B 8f1 an af3
divf = 8x+ 8y+ 9y

where

In the present example
w = xy’zdy A dz — yPzdz A dx + (x2y + y222) dz N dy,
and it is easily seen that divf = 0.

20. Integrate the 2-form B8 = —dx Ady + (y — 1) dx A dz + xdy A dz over D,
the region 22 + y? < 1 in the -y plane.

Hint As in question 17, though the region of integration lies in the z - y plane
the form is defined on R? and so you have to choose a parametrisation of the
region as a subset of R3.

Solution Parametrise the region by

where t = (7, t)T satisfies 0 < r < 1,0 <t < 27. Then

Bewy = —p' Ap* + (rsint — 1) p' Ap® + (rcost) p® A p°.
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This linear function is applied to (d1g(t), d2g(t)) where

cost —rsint
dig(t) = [ sint and dog(t) = | rcost
0 0

Because both vectors have 0 in their last position, only p' Ap?(dig(t) , dog(t))
is non-zero. In fact

Bgt)(d1g (t) , dag (t)) = —-

Hence the required integral is

1 27
—// rdtdr = —.
0o Jo
/Bz—ﬂ.
D

21. Explain why Questions 17, 18 and 20 together illustrate Stoke’s Theorem.

Hence

Solution The derivative of the 1-form from Question 17 is the 2-form found
in both Questions 18 and 20. Also, the boundaries of the regions H and D
in Questions 18 and 20 is the path in Question 17.

For example, Questions 17 & 18 give

/w = /w since OH =~
oOH %

= -7 Question 17

= /,@ Question 18
H

= / dw since dw = (3.
H

/w:/dw
OH H

The final

is simply Stoke’s Theorem.



22. Integrate the form B8 = ydx A dy over the area within the ellipse

CE VRS

Hint parametrise this region by
14+ 2rcost
8(t) = ( ~2+ 3rsint )
where t = (7, t)T satisfies 0 < r < 1,0 <t < 27.

Note this question is related to Question 16 by Stoke’s Theorem.

Solution With the parametrisation given,
wg) = (—2 + 3rsint) p' A p*.

This linear function is applied to d;g(t) and dsg(t) which are
2cost —2rsint
dig(t) = ( 3sint ) and dog(t) = ( 3rcost ) '

2cost —2rsint — 6r
3sint 3rcost -

Then
#Aﬁ%&ﬂdg@%ﬂm(

Thus the required integral is
1 2 1
6/ r (/ (—2+ 3rsint) dt) dr = —247r/ rdr = —12m.
0 0 0

If you have been reading the asides in my notes on Vector Calculus the fol-
lowing may be of interest.

23. Suppose that f, g : R® — R? are two vector fields on R3. Recall, from
the asides in the notes, the vectors

dx!
A2 dy N\ dz
dr = ) and n=| dzAdzx
: dx N\ dy

dx"

Prove that
(fedr)A(gedr)=f x gen.
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We say that f e dr and g e dr are the 1-forms associated with f andg
while f x g e n is the 2-form associated with f x g. Hence this result says
that the wedge product of the 1-forms associated with f and g is the 2-form
associated with the vector product of f and g.

Solution Let f = (f1, /2, f*)" and g = (g%, ¢, ¢)". Then

T
fxg= ("¢ ¢ —r1'¢ fl¢—fq") .

and
fedr = fldx' + f2dz® + f3do®
gedr = g'do' + g*da® + g*da’®.
Thus
fxgen = (f293—f392)dy/\dz—|—(f?’gl—flg3)dz/\dx (7)
+(f'g* = f?g") do A dy.
Also,

(fedr)A(gedr) = (flal:v1 + fida® + f3dx3) A (glcl:c1 + g*da® + ggdx?’)

= flda' A grdat + flda' A gPda® + fldat A gPda?

+f2d2* A grdat + fRda? A gPda? + fRda? A gPda?
+£3da® A gtdat + fPda® A g?da® + Pda® A gPda?

= floPda ANda? + flePdat Ada® + fPgtda® A dat
+f2g%dx® N da® + fPgtda® Adat + fPgPda’ A da?

= (f'g?— f2g") da' Ada? — (fig' — f'¢%) dat A da®

+(f20° — f3g?) da® A da®
= fxgen

as required. The last step requires a rearrangement of (7).
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